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PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Introduction

O Electromagnetic (EM) Wave: Coupled electric and magnetic oscillations that move with the speed of light and
exhibit typical wave behavior.

d We regard EM wave as waves because under suitable circumstances they exhibit diffraction, interference and
polarization (wave nature).

 Similarly, we shall see under other circumstances, EM waves behave as though they consist of streams of particles.

It was found that the wave nature of light cannot explain several phenomena like black body radiation,
photoelectric effect, Compton effect, etc.

O The first sign appeared while trying to understand “black body” radiation.
O All bodies absorb and emit radiations (may or may not be in the visible range).

[ At thermal equilibrium of a body with its surroundings, must absorb and radiate energy at the same rate, so as to
keep the temperature constant.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

O A black body absorbs ALL radiations that are incident on it.

O At thermal equilibrium of a body with its surroundings, it must absorb and emit
energy at the same rate.

M In lab, we can have a hollow object with a very small hole — radiation enters the
cavity through the hole — it is trapped by reflection back and forth until it is
absorbed — cavity wall is constantly emitting and absorbing radiation. This can be
approximated as the black body radiation.

[ As per classical theory, a blackbody should radiate electromagnetic waves of ALL
frequencies, and the energy associated with the radiation INCREASES with
increase in frequency.

Wd‘mr

Light &

Figure 2.5 A hole in the wall of a
hollow object is an excellent ap-
proximation of a blackbody:.

Ferry’s black body /X
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PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Black body radiation /\/\ o
)L:§
The Ultraviolet Catastrophe — Failure of Classical Physics

1 Consider a one-dimensional cavity
[ The standing wave must form nodes attwo ends: atx = 0 andatx = a h=L

O Different kinds of oscillations that satisfy this boundary condition are called the different
“modes” of the radiation

[ Let us calculate the no. of modes having frequencies in the range v,v + dv = N(v)dv
U Now, v =c/A, where A = (2a)/n, wheren = 1,2, ... [a = nA/2]

Y
~
xY

cn 2a 2a
D USIng v C/A and A (Za)/n’ we get’ 4 2a’ onn Cc v > n Cc v Figure 2.7 Em radiation in a cav-

ity whose walls are perfect reflec-

1 However, a light wave has two polarization directions. tors consists of standing waves

that have nodes at the walls,

Q Hence actual An = 2 X Z_aAV — 4_aAV which restricts their possible
(o C

wavelengths. Shown are three
possible wavelengths when the
4a
C

4a . - ) e
Q So, we get, dn = N(v)dv = —dv. (Inthe limit An > 0 and Av - 0) => N(v) = — distance between opposite walls
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

The Ultraviolet Catastrophe — Failure of Classical Physics

O No. of modes having frequencies in the range v,v + dv = N(v)dv. Now, v = c/A, where A = (2a)/n, wheren =
1,2,... [a=nA/2].

d Usingv=c/Aand A = (2a)/n, we get, v = % , o n= ZTav => An = ZTaAv. However, a light wave has two

L . 2 4 4 o
polarization directions. Hence actual An = 2 XTaAv =TaAv. So, we get, dn = N(v)dv =Tadv. In the limit

4a
c

An - 0and Av - O,N(v) = —

A= %
P;C)P«&J- An =2 Jdme te e MAM L eadh 5!!“”‘
Dn-= i;i AN @ AG‘*\A)FLA Dr. Anupam Roy 6



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

The Ultraviolet Catastrophe — Failure of Classical Physics

1 Now generalize to three-dimensional cavity:

3
O For a cubic cavity of side “a”, N(v)dv = 872361 v dv.

O Considering the volume, V (= a?®), we rewrite N(v)dv = SZV v% dv. This gives the total no. of modes in the cavity.

O What is the total energy?

1 Average energy per mode can be shown to be kT, where kj is the Boltzmann constant = 1.38 x 102 J/K and T is
the temperature of the cavity (can be derived from the Equipartition Theorem of Statistical Mechanics).

O Every degree of freedom that appears quadratically in the total energy contributes an average energy of %kBT at

equilibrium.

O For simple harmonic oscillator, E = %kx2 + %mvz, So<E >= %kBT + %kBT = kgT
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

The Ultraviolet Catastrophe — Failure of Classical Physics

3

Q For a three-dimensional cubic cavity of side “a”, N(v)dv = ——1v2 dv. (Solve it!)

[ Considering the volume, V (= ¢3), we rewrite N(v)dv = 8ZV

O What is the total energy?

[ Average energy per mode can be shown to be kT, where kj is the Boltzmann constant = 1.38 x 102 J/K and T is
the temperature of the cavity (can be derived from the Equipartition Theorem of Statistical Mechanics).

(1 (Considering energy per mode as kzT'), the Total energy (in v and v+dv) = kgT X N(v)dv = il —v2 kT dv
[ Total energy density, u(v) can be calculated by dividing the total energy by volume and dv.
[ Total energy per unit volume in the frequency range v, v+dv is u(v)dv =% oy 87TRBT) 2dv,

87TkBT

)2

or, the energy density per unit frequency range, u(v) = (———
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Module 4 (Quantum Mechanics)

Black body radiation

The Ultraviolet Catastrophe — Failure of Classical Physics

[ Total energy per unit volume in the frequency range v, v+dv is u(v)dv = (

Rayleigh-Jeans formula.

Qu(v) is the energy density (total energy per unit

8tkpT
_B) V2.

volume per unit frequency range) = ( e

O Energy density u(v) is therefore parabolic in nature.

 The expression says, as the frequency v increases
toward the ultraviolet end of the spectrum, energy

density should increase as v?%. Hence, u(v) —
00 3sV — 0,

[ But, experiments show u(v) - 0 as v - oo.

[ This discrepancy is known as ultraviolet catastrophe of
classical physics.

8mkpT o
nc—gB) vZdv. This is known as the

I
|
[

Rayleigh-Jeans

Observed

Spectral energy density, u(v)dv

3x10M  4x10M

2X10M
Frequency v (Hz)

0 1X10M

Figure 2.8 Comparison of the Rayleigh-Jeans formula for the spectrum of the radiation from a black-
body at 1500 K with the observed spectrum. The discrepancy is known as the ultraviolet catastrophe
because it increases with increasing frequency. This failure of classical physics led Planck to the dis-
covery that radiation is emitted in quanta whose energy is hv.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)

Black body radiation

Recap
[ Definition of a black body.

O Mode counting in a cavity: we chose 1D cavity for simplicity.

[ No. of modes present in the 1D cavity in the frequency range v, v+dv is N(v)dv = 4TaLah/. An extra factor of 2 is
present due to two polarization states of the radiations. (Boundary condition: each mode has nodes at the walls of
the cavity).

[ This result can be generalized to 3D cavity: N(v)dv = 8Z3V

 Energy for each mode is kzT on average (from Equipartition Theorem).
87TV

 Total energy in the frequency range v and dv, N(v)dv X kgT =

87l'kBT

3 Dividing by V, we get total energy per unit volume in the frequency range v, v+dv: u(v)dv = (—=-)v2dv, or, the

87TkBT

energy per unit volume per unit frequency range, u(v) = (——=—)v?, which is parabolic in nature.
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Module 4 (Quantum Mechanics)

Black body radiation

The Ultraviolet Catastrophe — Failure of Classical Physics

[ Total energy per unit volume in the frequency range v, v+dv is u(v)dv = (

Rayleigh-Jeans formula.

O u(v) is the energy density (total energy per unit volume per

8mkpgT
- )vz.
Cc

unit frequency range) = (
U Energy density u(v) is therefore parabolic in nature.

O At short wavelength (high v), classical theory gives incorrect
results. The expression says, as the frequency v increases
toward the ultraviolet end of the spectrum, energy density
should increase as v2. Hence, u(v) — o asv — oo.

O But, experiments show that u(v) - 0 asv — oo,

U This discrepancy is known as ultraviolet catastrophe of
classical physics.

87TkBT

: )vzdv. This is known as the
Cc

Rayleigh-Jeans

I
1
I

I

Observed

Spectral energy density, u(v)dv

0 1X10M 2X10M 3x10*  4x10M
Frequency v (Hz)

Figure 2.8 Comparison of the Rayleigh-Jeans formula for the spectrum of the radiation from a black-
body at 1500 K with the observed spectrum. The discrepancy is known as the ultraviolet catastrophe
because it increases with increasing frequency. This failure of classical physics led Planck to the dis-
covery that radiation is emilted in quanta whose energy is hv.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

Planck’s theory of black body radiation

O Treated energy as a discrete variable. Planck proposed that the energy can take only certain discrete values: E = 0,
AE, 2AE, 3AE, ... .......

O Planck realized that in order to explain the experimental black body radiation curve, the energy “packets” must be
proportional to the frequency of the radiation: AE v => AFE = hv, where h is the Planck’s constant.

 He found the average energy per energy packetis < E(v) > = hi:/v (instead of kgT).

ekBT—1
Planck radiation ~ 8mrh v’ dv
formula u(v) dv = S MR _
Here h is a constant whose value is
Planck’s constant h=6626X10""]-s
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Module 4 (Quantum Mechanics)

Black body radiation
Planck’s theory of black body radiation
Derivation
Q. A Jw ba [0 Adedr, 72 thdedn hone o ha
Z%O:OEnP(En) G ) C MA ]f\M &L\“w §6 {)-Q',

<E>= y°_ P(E,) ”%? J 36;?th c._.LmWU' @% < "1..12,? What u
d Where E, =nhv=nAE (n =

0,1,2,3,.....) g/&»/ 2X6:60 + SxTC + 2T L

10

d P(E,) is the probability of having

energy E,. - '1%5“‘;'9 ¥ 'Sr'ﬁ“g'g F e xSt

T;P(En)=1 So, <E>=zEnP(En) (e b b = v Lose ms - o sheder,
Man  P(n) becomes an” exed posbailiby of hadt 10y).
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PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Black body radiation
Planck’s theory of black body radiation
Derivation
<E>= 2 EnP(Ey) O Where E, = nhv = n AE and P(E,) is the probability of having energy E ..
n=0

[ From Statistical Mechanics, one can show that

—E./ReT

€
) e
hn=0 [‘...., G ch -iuPCE.._) :.]1

(Thermal or Boltzmann probability distribution of energies)

P(E) -

"E[keT
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

Planck’s theory of black body radiation

Derivation .
- En/keT
oo PCEN) B, c _ O Where E, = nhv = nAE and P,(E) is
<E>= 2 E,P(E,) i e EnfkeT the probability of having energy E ..
n=0 n=O
< ~nh/kg T
< - NN ¢
[ Therefore CES ’z"l PEY = 2 E.e E~/ke i Z'::a <
= ‘“) - 7 E-E-Jk.sT - Z t‘Et'-l'\l\*/laﬂ,'f (Replacing E,, = nhv)

hv

In order to do the summation, replace a = "
B
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

Planck’s theory of black body radiation x
[ A

Derivation < L ndkeT e
E.> = o

- no

e
~ -n &
) n €
_ kT A Z
y e

- ke T & Sz D" %iﬁpm}a&
24

[~ 2 ke = 3]

ey = -keT & S5 D" {208#!\0{15“&
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

Planck’s theory of black body radiation

Derivation C e - - IQE_T X #a.%;_c [L\ ELZD o ~nK ’]} ]

< _Ax _ ~L K
Use ZE’ = |+ e r € + 7

n=0

|

—
—

< -
So, ' ;o(‘iﬂh‘() - -—L‘\Cl" e )
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Black body radiation

Planck’s theory of black body radiation

Derivation

0 e @ ae™ %
< E>= kBTa %[ln(l — e_a)] = kBTa = kBT

Multiply numerator & denominator by e“:

a
<E>=kgT [
Y e —1
h h
Remember, @ = ——. Hence, < E > = ,Wv
kBT RRT
e"B* —1
. . 8V
Now, the no. of modes in the range v, v+dvis N(v)dv = Z,, v dv.
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Module 4 (Quantum Mechanics)

Black body radiation

Planck’s theory of black body radiation

Derivation hy
< E>=

hv
eksT — 1
. . 8tV
Now, the no. of modes in the range v, v+dvis N(v)dv = =
1 _ 8m
Therefore, u(v)dv = - X
1 8mV hv
— v h
|4 c? eF;}T— .

__(8mh v3dv

o 81ch v:adv
Planck radiation formula, u(v)dv = ( = )ehv/kBT 3

I
I :
| Rayleigh-Jeans
I

Observed

Spectral energy density, u(v)dv

0 110" 2x10" 3x10M  4x10M
Frequency v (Hz)

=> Reproduces the experimental curve
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Black body radiation

PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Planck’s theory of black body radiation

Derivation

At high frequencies, hv > kgT and e™/¥8T — oo, which means u(v)dv — 0.

At low frequencies, hv < kgT and h—VT K1

e=1+x+—+ — +

If x is small, e* = 1 + x, and so for h#/kT << 1 we have

kp

2
X

2!

u(v)dv = (

3
X

3!

1 1 kT
he/RT =~
e 1 |+ hv | hv
kT

hvy << kT

8mh

v3 dv

Rayleigh-Jeans

I
I
I
I
I

c3

)

ehv/kBT _ 1

Observed

Spectral energy density, u(v)dv

0 1x10M 2X10M 3x10M  4x10Y
Frequency v (Hz)

Thus, at low frequencies Planck’s formula becomes

u(v) dv = ——v~ 3 v’ dv

: hv

C

8mh ./ kT 8mwkT
( ) dy =

C

Which is Rayleigh-Jeans formula.
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PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Recap so far....

1 Blackbody radiation — Example Problems
2.1

Assume that a certain 660-Hz tuning fork can be considered as a harmonic oscillator whose vi-
brational energy is 0.04 J. Compare the energy quanta of this tuning fork with those of an atomic
oscillator that emits and absorbs orange light whose frequency is 5.00 X 10** Hz.

Example

Q For the first case, you have v; = 660 Hz = 660 sec™ 1.

O Calculate the corresponding energy hv; in Joule.

O Now compare the value with the vibrational energy 0.04 J.
Q For the second case, you have v, = 5 x 101* sec™1.
O Calculate the corresponding energy hv, in Joule.

L Convert it in electron-volt (eV) unit.

O Now compare.

Solution

(a) For the tuning fork,
hvy = (6.63 X 107" ]-5) (6605 ) =438 X 107" ]

The total energy of the vibrating tines of the fork is therefore about 10*° times the quantum
energy hv. The quantization of energy in the tuning fork is obviously far too small to be observed,
and we are justified in regarding the fork as obeying classical physics.

(b) For the atomic oscillator,
hvy = (6.63 X 107*J+5) (5.00 X 10 s 1) =332 x 107197

In electronvolts, the usual energy unit in atomic physics,

332X 107197
1.60 X 1077 Jeev

hv, = =2.08 eV

This is a significant amount of energy on an atomic scale, and it is not surprising that classical

physics fails to account for phenomena on this scale.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Photoelectric Effect (not in syllabus)
Recall Planck’s theory of black body radiation

Energy of light is discrete and comes in packets of energy. Such packets represent particles called “photons”.

O Hertz Experiment (1886-87): He noticed that sparks occurred more readily in the air gap of his transmitter when
ultraviolet light was directed at one of the metal balls.

O The cause was electrons emitted when the frequency of the light was sufficiently high. This phenomenon is known
as the photoelectric effect and the emitted electrons are called photoelectrons.

O /t is one of the ironies that the same work to demonstrate that light consists of electromagnetic waves also gave
the first hint that this was not the whole story.



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Photoelectric Effect (not in syllabus)

Recall Planck’s theory of black body radiation

Energy of light is discrete and comes in packets of energy. Such packets represent particles called “photons”.

Quartz window O Experiment:
A
C: ‘ O An evacuated tube containing two electrodes (cathode and
— h3 [EJE"**“ anode) — connected to a source of variable voltage.
T \ J§ :3&1- M Now, shine the light.
()____ O The incident light knocked out electrons from the cathode in
-+

the discharge tube — photoelectrons.

U

Now, you have two situations:

U

If V> 0, the electrons accelerate.

U

If V < 0, the emitted will decelerate.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Photoelectric Effect (not in syllabus)

Recall Planck’s theory of black body radiation

Energy of light is discrete and comes in packets of energy. Such packets represent particles called “photons”.

c — A Q IfV > 0, the electrons accelerate.
WT&A— O IfV < 0, the emitted electrons will decelerate.
J4 L O At a certain value V. = =V, current stops. => I/, is called the
1 T stopping potential.
—@ | O Note: V, depends on frequency and not on intensity (not expected

classically). Change in intensity DOES NOT change V,. Light energy
depends on frequency, not on intensity.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Photoelectric Effect (not in syllabus)

Recall Planck’s theory of black body radiation

Energy of light is discrete and comes in packets of energy. Such packets represent particles called “photons”.

c — A O Einstein’s explanation:
é——ww——v"-wu-ww . .
) hd [nedat- W Suppose, W, is the energy required to knock an electron.
,""3“- - 1 2
T N’ J\ O From the energy conversion, we get, hv = W, + > MeV

Q AtV =V, Kinetic Energy = 0. So, %mevz = eV,

: 1
U From the energy conversion, we get, hv = W, + Emev2

Q So, we get, hv = W, + %mev2 = W, + eV,

eVO

o 7/ _ : .
O This givesv = % => v vs. V will give a straight line.

Notice: Vy depends on frequency and not on intensity. Dr. Anupam Roy 25



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Light — Both wave and particle

(d Recall Planck’s theory of black body radiation: Energy of light is discrete and comes in packets of energy. Such
packets represent particles called “photons”.

O According to the wave theory, light waves leave a source with their energy spread out continuously through the
wave pattern. According to the quantum theory, light consists of individual photons, each small enough to be
absorbed by a single electron.

O Yet, despite the particle picture of light it presents, the quantum theory needs the frequency of the light to
describe the photon energy.
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Light — Both wave and particle

O So far: the wave theory of light explains diffraction and interference, which the quantum theory cannot account
for, and, quantum theory explains the photoelectric effect, which the wave theory cannot account for.

[ The photoelectric effect provides convincing evidence that photons of light can transfer energy to electrons. Is the
inverse process also possible? That is, can part or all of the kinetic energy of a moving electron be converted into a
photon? The inverse photoelectric effect.

d X-rays (consist of high-energy photons) and X-ray Diffraction

d Compton Effect (Further confirmation of the photon model)



PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Compton Effect

d

U O 0O O

O

Recall: According to the quantum theory of light, photons behave like particles except for their lack of rest mass.
Compton effect is the scattering of photons by free electrons in the target material.

In photoelectric effect, a photon is completely absorbed and an electron is emitted.

In Compton effect, the photon is NOT completely absorbed, but scattered by the electron.

Compton allowed X-rays of wavelength A to fall on a graphite target, and the intensity of the scattered rays were
measured as a function of their wavelengths.

An X-ray photon strikes an electron (assumed to be initially at rest in the laboratory coordinate system) and is
scattered away from its original direction of motion while the electron receives an impulse and begins to move.

We can think of the photon as losing an amount of energy in the collision that is the same as the kinetic energy KE
gained by the electron, although actually separate photons are involved.

He found peaks in the intensity of scattered rays at two different values of their wavelength: 1; = A (original X-ray
wavelength), and 4, = A" > A.



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Compton Effect

1‘._1:'{"'_ __-""
X s
"b? ____ff- - g
e - -
Ly E=h
7 ) g » -
E=mc S~ __~ ho' hu - ]
. e = hv'/fc - 1w
Incident photon p=0 Iy 0 P C_- = sin d
Iy !
W W W N N N W N T b o - ¢'\'| 1!‘15’ cos b

E = hv Target \ /8 .

p =huv/c electron \ y t\\ ) hv/c
- 5 \ cos
E= ‘JII!6E4 + pic? \ P

(a) Scattered \p i NP sin ©
electron ¥ )

Figure 2.22 (a) The scattering of a photon by an electron is called the Compton effect. Energy and momentum are conserved in such an
event, and as a result the scattered photon has less energy (longer wavelength) than the incident photon. (b) Vector diagram of the momenta
and their components of the incident and scattered photons and the scattered electron.

d Momentum of incident photon:

Q E = hv = \ymg2c* + p2c?, where the rest mass of photon, my = 0.

Q E=pc = p=- (momentum).

a |
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Compton Effect

O The initial photon momentum is hv/c, the scattered
photon momentum is hv'/c, and the initial and final
electron momenta are respectively 0 and p,.

d Use the conservation of momentum (Initial
momentum = final momentum)

E:Eihf

[ Conservation of momentum along x-direction (along the direction of the original photon)

O Equation 1: % = thCos<p + p,Cos8 = p,c Cosd = hv — hv' Cosg

O Conservation of momentum along y-direction (along the direction perpendicular to the original photon)

O Equation2: 0= h% Sing — p, Sin0 = p,c Sinf = hv' Sing
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Compton Effect

O Along x-direction: Equation 1: h—: = h%Cosgo + p,Cos6 = p,c CosO@ = hv — hv' Cosgp
U Along y-direction: Equation 2: 0 = th Sing — p, Sin0 = p,c Sinf = hv' Sing

g‘ya«.&’u.mj G RMND, we §&' .

2

beer (roran) = (1 -Wmg) + (S @)
S Rer = () + (M) G g -2 ) ) (e g

+ Q\\)!)L Qulﬁ
N P 8 R ) SRS IS o]
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Compton Effect

1 Next, we equate the two expressions for the total energy of a particle.

2

4 Initial Energy = E,poon + Eclecron = v +mpc?® (mg = rest mass of electron, electron is at rest initially)

Q Final Energy = hv' + {my2c* + p,2c?

1 Using conservation of energy: Initial Energy = Final Energy

/
hY +m,c” = k9 % \]h;-c_".]- ;cl"

o
O\Q +mac"—k0’) - mo My h;'ci"'
(9137 + nZE g amed (M) = r e

> ko= Q\Q)L +QO’)L - 2(M)W) ¥ 2 mc"‘G\O-L\Q)
C Dr. Anupam Roy 32




PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Compton Effect

Q Equation 3 (conservation of momentum): pe2c? = (hv)? + (hv')? =2 (hv) (hv')Cos¢

Q Equation 4 (conservation of energy): pe2c? = (hv)? + (hv')? =2 (hv)(hv') + 2myc?(hv — hv')

ey RS o O @

(SRR SO E 5 (5

= 27 + 2o (R RY)

> DA g (WD 3D Fmo (W -L7)
> M)V -C @) = moct (R -U2)
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Module 4 (Quantum Mechanics)
Compton Effect

> @\o)@o*)ﬁl—caa;z&)z mo " (R - k)

Dl\f‘&'ﬂnj MQD.M !]-3 l\,L CLJ We. ﬁd‘
Cl Cﬁﬁﬁa) = p\o (.Q - {))
| - Cb”fj _ n I I
A N = e (% i) ( N

M})lﬂ 07 AN o lre{"\ Mmder -
|- Ca ¢ - e (7\'_70

> Wy -= - (s )
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Compton Effect
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Q

PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

We have, ' — A = % (1 — Cos) [@ isthe scattering angle]
0

It gives change in wavelength due to scattering at an angle ¢ by a

particle of rest mass my.

h

Define the Compton wavelength as: Aq = e Ee , FE

And, we have: ' — 1 = A-(1 — Cos)

The Compton wavelength gives the scale of the wavelength change of the incident photon. The Compton effect is

the chief means by which x-rays lose energy when they pass through matter.

From the equation ' — 1 = A-(1 — Cosg), we note that the greatest wavelength change possible corresponds

to @ = 180° when the wavelength change will be twice the Compton wavelength A.

For an electron, A0 =2.426 pm. The maximum wavelength change in the Compton effect is 4.852 pm. Changes of

this magnitude or less can be observed using X-rays. Dr. Anupam Roy 35
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Module 4 (Quantum Mechanics)

We have, ' — 1 = # (1 — Coso) [ is the scattering angle]
0

Compton wavelength, A, = o and, we have: ' — 41 = A-(1 — Cosy)

mgpcC

So, A" > A (This cannot be explained classically)

One peak is obtained at A; = A (scattered photon has the same wavelength as
that of the incident photon)

Other peak is obtained at 1, = A’ > A (scattered photon has smaller wavelength)

Peak at unshifted wavelength A: Once the outer electron (loosely bound) has been
removed from the atom, the remaining electrons remain tightly bound, so the
incident X-ray beam cannot remove them easily. In this case, during the collision,
the entire atom moves (instead of a single electron). So my becomes very large
(~4 orders of magnitude), since rest mass of atom is very large => A" =~ A

Relative intensity

Wavelength
Dr. Anupam Roy
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Module 4 (Quantum Mechanics)
Recap so far....

d Compton effect — Example Problems

Example 2.4 Solution

X-rays of wavelength 10.0 pm are scattered from a target. (a) Find the wavelength of the x-rays (a) From Eq. (2.23), A" —=A =Ac(l — cos ¢), and so
scattered through 45°. (b) Find the maximum wavelength present in the scattered x-rays. (c) Find X = A+ Ac(l — cos 45°)
the maximum kinetic energy of the recoil electrons. “

= 10.0 pm + 0.293A¢

= 10.7 pm
ad ' =1 ' = 45°,
Incident wavelength, A = 10 pm and scattering angle, ¢ = 45 () A’ — A is 2 maximum when (1 — cos &) = 2, in which casc
O Calculate the scattered wavelength, A". A=A+ 2Ac=10.0 pm + 4.9 pm = 14.9 pm
O Use the Compton effect expression: (c) The maximum recoil kinetic energy is equal to the difference between the energies of the
incident and scattered photons, so
h
QA —-2A2=—01—-Cosp) =A-(1—Cos 11
moc( ('0) C( (,0) KE .. = hlv—v") = hc( — = —)
A A
O For the second case, A" — A is maximum when ¢ = 180°. o
where A’ is given in (b). Hence
O For the third case, maximum recoil kinetic energy s (6626 X 101 - (3.00 X 10°m/s) / 1 1
, 11 KEppax = — ( - )
KE o = hv — hv' = hc (Z — ?) 107" m/pm \10.0 pm  14.9 pm
=6.54 X 10717]

which is equal to 40.8 keV.
Dr. Anupam Roy 37
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Recap so far....

Rayleigh-Jeans

I
I
l

 Blackbody radiation

O Rayleigh-Jeans formula

Spectral energy density, u(v)dv

O The ultraviolet catastrophe of classical physics

, .. 0 1X10M 2X10M 3X10*  4x10M
O Planck’s theory of blackbody radiation Frequencyv (Hz)
d Compton effect B « .
Z 6 =135°
.
'L':i
ez
Wavelength

Textbook: Arthur Beiser — Concepts of Modern Physics Dr. AnupamRoy 38
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Module 4

Module -4 : Quantum Mechanics

Planck's theory of black-body radiation, Compton effect, Wave particle duality, De Broglie waves, Davisson and
Germer's experiment, Uncertainty principle, Brief idea of Wave Packet, Wave Function and its physical interpretation,

Schrodinger equation in one-dimension, free particle, particle in an infinite square well. [9]

Text book: T3: Arthur Beiser (AB), Concept of Modern Physics, 6th edition 2009, Tata McGraw- Hill

Reference book: R1: Fundamentals of Physics, Halliday, Walker and Resnick
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Module 4 (Quantum Mechanics)
Wave particle duality — de Broglie Waves

d We know about this phenomenon for light (which has both particle-like and wave-like properties).

[ Louis de Broglie suggested in 1924 that any moving objects have both wave as well as particle-like characters [in
1929 de Broglie received the Nobel Prize].

[Recall: Av = ]

S

d For a photon of light of frequency v has the momentum, p = % =

h
[ So, we have 4 = > (where A = wavelength, p = momentum, h = Planck’s constant)

1 Louis de Broglie suggested that this relation is applicable to material particles as well.

O Consider a particle of mass m, moving with velocity v. Momentum of the particle is p = ym,v and its de Broglie

wavelengthis 4 = [Recall: y is the relativistic factor: y = Jl—jw]

m,v

O The greater the particle’s momentum, the shorter its wavelength A.
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Wave particle duality — de Broglie Waves

4
4
4

Example Problem:
Find the de Broglie wavelengths of a golf ball of mass 46 gm moving with a velocity of 30 m/s.

Find the same for an electron moving velocity of 107 m/s.

Solution:

h _ 663x10711

Problem 1: ¥ = 1. So, A= h_ = m. A=~ 4.8 x 1073* m =>The wavelength A of the golf ball is
14 m,v 0.046 X30

so small compared with its dimension of the ball — so, it is not possible to detect the wave nature.

Problem 2: In case of an electron, A = 7.3 X 1071 m => The wavelength is comparable with the dimensions of
atoms (for example, radius of the hydrogen atom is 5.3 X 10~ m). Thus, the wave nature is possible to detect.
The wave character of moving electrons is the key to understanding atomic structure and behavior.
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Module 4 (Quantum Mechanics)

Wave particle duality — de Broglie Waves

O Experimental verification of existence of de Broglie waves

O In 1927 Clinton Davisson and Lester Germer in the United States and G. P. Thomson in England independently

confirmed de Broglie’s hypothesis.

O They demonstrated that electron beams are diffracted when they are scattered by the regular atomic arrays of

crystals.

882 NATURE

NoOVEMBER 20, 1937

News and Views

Nobel Prize for Physics

Tee formulation of de Broglie’s wave-particle
theory in 1924 and its experimental verification in
1927 by Dr. C. J. Davisson at New York and Prof.
G. P. Thomson at Aberdeen mark an outstanding
epoch in the history of physics. With the award
of the Nobel Prize for Physics for 1937 to Dr. Davisson
and Prof. Thomson just announced, all three are
now in the select ranks of Nobel prize winners. The

recording of the scattering angles. To-day the electron
diffraction camera ranks with the microscope, the
spectrograph and X-rays as an indispensable unit in
the well-equipped chemical or physical laboratory.

Nobel Prize for Chemistry

Prof. W. N. Haworth, of Birmingham, and Prof.
Paul Karrer, of Zurich, have been awarded jointly the
Nobel Prize for Chemistry for 1937. Prof. Haworth

O Let’s look at the experiment of

Davisson and Germer (because its
interpretation is more direct).

Dr. Anupam Roy 42
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Wave particle duality — de Broglie Waves

Electron gun
d Davisson and Germer Experiment — Confirmation of de Broglie hypothesis u
bl I AWATRYD)
O They were studying the scattering of electrons from a Nickel target. \odod J
L The electron gun consisted of a heated filament that released electrons. Electrons d‘ﬂiﬁ: d c,c,pO"} ;Ilm
fell on a nickel crystal, and scattered beam is detected by the electron detector. % (L A pectoh
O Initially, they found that the scattered electrons emerge in all directions and the )
intensity depended minimally on either the scattering angle (¢) or the energy. This N kel Q‘”\?‘l'

is what we should expect from Classical physics.

O During the experiment, an accident occurred that allowed air to enter their
apparatus and oxidize the Nickel surface. To remove the oxide to pure nickel, the
target was baked (heated at high temperature). After this treatment, they

resumed the measurement.

O Now the results were very different! Dr. Anupam Roy 43
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Wave particle duality — de Broglie Waves \ ‘ Flectron gun
O Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis a_1 Iv [\:ai'- Ju{f{)
y \nods J
O What was the surprising result? QeI —
eor {2 E Ladom
L After the target sample was baked, there was a strong dependence on both ¢ el e dth

and the energy.

O Instead of a continuous variation of scattered electron intensity with angle ¢,
distinct maxima and minima were observed whose positions depended upon
the electron energy (or, the potential difference, V)! (V is the voltage used to

accelerate the electrons).

Dr. Anupam Roy 44
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Module 4 (Quantum Mechanics)
Wave particle duality — de Broglie Waves Electron gun

d Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis

O Scattering of electrons from a Nickel target after baking: What was the surprise?

O For different values of V, Davisson and Germer plotted I vs ¢ graph. The
maximum intensity was found for V = 54 volts and ¢@= 50°.

Incident beam

40V 44V 48V 60 V 64 V 68V
Figure 3.7 Results of the Davisson-Germer experiment, showing how the number of scattered elec-
trons varied with the angle between the incoming beam and the crystal surface. The Bragg planes of
atoms in the crystal were not parallel to the crystal surface, so the angles of incidence and scattering
relative to one family of these planes were both 65° (see Fig. 3.8).

Dr. Anupam Roy 45
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Wave particle duality — de Broglie Waves

d

4
d

O

Davisson and Germer Experiment — Confirmation of de Broglie hypothesis

Scattering of electrons from a Nickel target (before baking): They found very little dependence of detector current
(1) on either the voltage ‘V’ or the angle ‘@’. As expected from Classical physics.

Scattering of electrons from a Nickel target after baking: Surprising result!!!

Instead of a continuous variation of scattered electron intensity with angle ¢, distinct maxima and minima were
observed whose positions depended upon the electron energy (or, the potential difference, V)!

For different values of V, Davisson and Germer plotted I vs @ graph. The maximum intensity was found for V = 54
volts and ¢ = 50°.

Two important questions: What is the reason for this new effect? Why did it not appear until after the nickel target
was baked?

Dr. Anupam Roy 46
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Wave particle duality — de Broglie Waves

d

4
4

Davisson and Germer Experiment — Confirmation of de Broglie hypothesis

What is the reason for this new effect? Why did it not appear until after the nickel target was baked?

de Broglie’s hypothesis suggested that electron waves were being diffracted by the target, much as x-rays are

diffracted by planes of atoms in a crystal.

The peaks could only be explained as a constructive interference of waves scattered by the periodically arranged

atoms of the crystal.

Heating the block of nickel at high temperature causes the many smaller crystal grains to form into a single large

crystal, all of whose atoms are arranged in a regular lattice.

Any crystal has atoms that are arranged in planes called Bragg planes. These planes are all parallel to each other.
The scattered beam is said to have undergone Bragg reflections from these planes.

Let us see whether we can verify that de Broglie waves are responsible for the findings of Davisson and Germer.

Dr. Anupam Roy 47
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Wave particle duality — de Broglie Waves

[ Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis

d

d

Let us see whether we can verify that de Broglie waves are
responsible for the findings of Davisson and Germer.

In a particular case, a beam of 54 eV electrons was directed
perpendicularly at the nickel target and a sharp maximum in
the electron distribution occurred at an angle of 50° with
the original beam.

The angles of incidence and scattering relative to the family
of Bragg planes shown in Figure are both 65°.

The distance between two Bragg planes is d = 0.091 nm
(This was measured from X-ray diffraction).

54 eV

e d electrons
‘ e

<><ﬁ° ?;}
f_ Nk

o \
W, o=

R
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Wave particle duality — de Broglie Waves

O Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis

O Let us see whether we can verify that de Broglie waves are
responsible for the findings of Davisson and Germer.

)
O The Bragg equation for maxima in the diffraction pattern is f‘&

2d Sinf = nA

O Here d = 0.091 nm and 8 = 65°. For n =1, the de Broglie Q\“"")

wavelength A of the diffracted electrons is A = 2d Sinf = 2 X
(0.091 nm) X (Sin65°) = 0.165 nm

to find the

O Now we use de Broglie’s formula A =

SRR

ym,v
expected wavelength of the electrons.

| neahat
e
Yrasim Y
e S —-"%':]
: os° Sﬂl D
N wJadk
(yﬂ!’\"-"

Path difference
= 2d sin B

ROV ©
B
dsin B

O o o ] O

Figure 2.20 X-ray scattering from a cubic crystal.
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Wave particle duality — de Broglie Waves

d

C 00 0 0O O

Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis

Using the Bragg diffraction, [for d = 0.091 nm, 8 = 65°, and n = 1], the de Broglie wavelength A of the diffracted
electronsis A = 2d Sinf = 2 X (0.091 nm) X (Sin65°) = 0.165 nm

-, h .
Now we use de Broglie’s formula A == = to find the expected wavelength of the electrons.

) ym,v

Electron kinetic energy of 54 eV is small compared with its rest energy moc2 of 0.51 MeV, so we consider y = 1.

. 1
Hence, electron momentum p = mv = v2mE [Recall: Kinetic Energy, E = Emvz]

Use, E =54eV=54X1.6 X 107179

Use, m = 9.1 X 10731 kg The electron wavelength is therefore
Then, p = V2mE = 4.0 X 107%% kg.m/s h 6.63 X 107" s i
P gm/ A= = J =1.66 X 107" m = 0.166 nm

mv 4.0 X 107 ** kg - m/s
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Wave particle duality — de Broglie Waves

[ Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis

d (Remember the physical phenomena corresponding to waves and particles)

1 Using Bragg diffraction condition, the de Broglie wavelength A of the diffracted electrons is A = 2d Sinf = 2 X
(0.091 nm) X (Sin65°) = 0.165 nm [In this case, d =0.091 nm, @ =65°andn = 1.]

. . . h 6.63 X 10734 Js
1 Using de Broglie’s formula, the electron wavelengthis A = — = — = 0.166 nm
p  4.0X%X107%24kgm/s

O de Broglie hypothesis gives the correct value of A for which constructive interference is obtained at @ =65°and V =
54 volts. Davisson-Germer experiment thus directly verifies de Broglie’s hypothesis of the wave nature of moving
bodies.
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Wave particle duality — de Broglie waves

[ Davisson and Germer Experiment — Confirmation of de Broglie Hypothesis

1 Problem
An electron has a de Broglie wavelength of A = 2.0 pm. Find its kinetic energy in keV.
Hintip=2="" =>pc=""=6.20x10%eV [leV=16x10"]]

myc? = 511 keV

E =mc?= /(pc)? + (myc?)? =?

Kinetic Energy, KE = E — myc? = 292 keV.
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Module 4 (Quantum Mechanics)
Recap so far....

 Blackbody radiation
O Rayleigh-Jeans formula
O The ultraviolet catastrophe of classical physics
L Planck’s theory of blackbody radiation
L—kotecleetiectoetbaot oo bbus)
1 Compton effect
O Wave particle duality — de Broglie waves

[ Confirmation of de Broglie hypothesis: Davisson and Germer Experiment

Textbook: Arthur Beiser — Concepts of Modern Physics

Relatve intensity

density, u(v)dv

SPCCU‘HI energy

1X

104 2x10H 3x10M  4x10t

uency, v (Hz)

54-eV electrons

Wavelength

Single crystal
of nickel
Dr. Anupam Roy
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Module 4

Module -4 : Quantum Mechanics

Planck's theory of black-body radiation, Compton effect, Wave particle duality, De Broglie waves, Davisson and
Germer's experiment, Uncertainty principle, Brief idea of Wave Packet, Wave Function and its physical interpretation,

Schrodinger equation in one-dimension, free particle, particle in an infinite square well. [9]

Text book: T3: Arthur Beiser (AB), Concept of Modern Physics, 6th edition 2009, Tata McGraw- Hill

Reference book: R1: Fundamentals of Physics, Halliday, Walker and Resnick
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Uncertainty Principle

d

J
d

This principle, discovered by Werner Heisenberg in 1927, is one of the most
significant of physical laws

Classically, we can find the exact trajectory of a particle.

However, measuring both x and p with infinite precision is impossible in quantum

mechanics. y
(‘Fl")

7

It is impossible to know both the exact position and exact momentum of an object
at the same time.

=

Ax Ap, = (where, Ax is uncertainty in position and Ap,. is uncertainty in x-

2
component of momentum, h = h/2m)

If position is precise, momentum is very imprecise, and vice versa.

Ax small
Ap large

(a)

e a——]
Ax large
Ap small

(b)

Figure 3.12 (a) A narrow de
Broglie wave group. The position
of the particle can be precisely
determined, but the wavelength
(and hence the particle's momen-
tum) cannot be established be-
cause there are not enough waves
to measure accurately. (b) A wide
wave group. Now the wavelength
can be precisely determined but
not the position of the particle.
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Uncertainty Principle

O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws
[ Proof (elementary) of uncertainty principle — Single slit electron diffraction é

[ Consider the slit width is ‘a’.

O Consider electron wavelength to be A.
L Most of the electrons strike the screen within the central maximum.
O A rough estimate of the uncertainty in the electron position in the y- p F
direction, Ay = a. Lé:
O Let’s estimate (rough) of the uncertainty in the electron momentum Ap,,.
L For a small diffraction angle (8), % = tanf = 0.
X
. ~ . A _ Dy

Q So,py = p,0 O Using p, = p,0, we can rewrite as —-< o <

2 A A
U NOW’_Z<0<+Z T

2 Dr. Anupam Roy 56
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Uncertainty Principle

d
d

o0 o0 O 0O 0O 0

This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

Proof (elementary) of uncertainty principle — Single slit electron diffraction é

Consider the slit width is ‘@’, so uncertainty in y is Ay = a.

We have, py, = py0 g

ks =
| T ¥
A lect o
Uncertainty in Dy IS Apy = pr e
p _
h

. . . h
Using de Broglie hypothesis, A = > = (for small 8, py, << py) " r
1 h h h
> s s 8
Hence, Apy, = px 2. ~ a = ny

Thus, Ay Ap, = h
Similarly, Ax Ap,, = h
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Uncertainty Principle

O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

[ Heisenberg’s uncertainty relations:

ad Ax Ap, h * These equations state that the product of the uncertainty Ax in the position of an
— 2
. object at some instant and the uncertainty Ap,. in its momentum component in the
> — . . . . h
d Ay Apy — 2 x direction at the same instant is equal to or greater than >
h : :
d Az Ap, = 5 * |f we arrange matters so that Ax is small, corresponding to a narrow wave group,

then Ap, will be large. If we reduce Ap, in some way, a broad wave group is
inevitable and Ax will be large.

d Demonstrated this relation using a single slit electron diffraction.

1 Another uncertainty relation: AE At = > (AE and At are the uncertainties in the energy of a particle and in time,

respectively.) Dr. Anupam Roy 58
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Uncertainty Principle

O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

L Derivation

n waves
O If there are n waves in Ax, then Ax = nA. \
O For a different wave with wavelength A + A1, Ax = (n — An) (1 + AA). U U U U U U U
d Hence, (n — An) (1 + A1) = nA A

=>nA — AAn + nAAl — AnAAl =nA
=>nAA = AAn (ignoring the term AnAA)

AL An
= — = —

A n

h
A—ZAA

:>Ap=—/1£2A/1 :>‘£ =

_|A/1
D a2

O Now, P=3

h
p)
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Uncertainty Principle

O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

L Derivation

n waves
[ If there are n waves in Ax, then Ax = nA. \ [\ [\ /\ f\
L w_m VRVRVATRVATAY
A n
. A%AA Ax

A h
P 2

O From two relations in red, Ax Ap = n/lg = Ap = h.

O Hence, Ax Ap,, = h
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Example 3.6

A measurement establishes the position of a proton with an accuracy of £1.00 X 10~ "' m. Find
the uncertainty in the proton’s position 1.00 s later. Assume v <= .

Solution

Let us call the uncertainty in the proton’s position Ax; at the time { = 0. The uncertainty in its
momentum at this time is therefore, from Eq. (3.22),
#
zﬂl.‘(u
Since v << ¢, the momentum uncertainty is Ap = A(mv) = m Av and the uncertainty in the
proton’s velocity is

Ap =

Ap _ i

m 2m Ax,

Av =

The distance x the proton covers in the time ¢ cannot be known more accurately than
fit
2m Axg
Hence Ax is inversely proportional to Axg: the more we know about the protons position at
t = 0, the less we know about its later position at t = 0. The value of Axat{ = 1.00s is

Ay = (1.054 X 107°%J-s)(1.00 s)
T (21672 X 107 kg)(1.00 X 107 m)

Ax=tAv=

=315 % 10°m Dr. Anupam Roy
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O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

Example 3.7

A typical atomic nucleus is about 5.0 X 107" m in radius. Use the uncertainty principle to
place a lower limit on the energy an electron must have if it is to be part of a nucleus.

Solution
Letting Ax = 5.0 X 1077 m we have

# 1054 x 10777 ] . s .
Ap = = —— 0 = 1.1 X107 kg -m/s
2Ax (2)5.0 x 10 m)

If this is the uncertainty in a nuclear electron’s momentum, the momentum p itself must be at
least comparable in magnitude. An electron with such a momentum has a kinetic energy KE
many times greater than its rest energy mc”. From Eq. (1.24) we see that we can let KE = pc
here to a sulficient degree of accuracy. Therefore

KE=pc=(1.1x10"""kg- m/s)(3.0 X 10°m/s) =33 X 107"

Since 1 eV = 1.6 X 10~ '? J, the kinetic energy of an electron must exceed 20 MeV if it is to

be inside a nucleus. Experiments show that the electrons emitted by certain unstable nuclei never

have more than a small fraction of this energy, from which we conclude that nuclei cannot con-
tain electrons. The electron an unstable nucleus may emit comes into being at the moment the
nucleus decays (see Secs. 11.3 and 12.5).

Dr. Anupam Roy
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Uncertainty Principle

O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

Example 3.8

A hydrogen atom is 5.3 X 10™'! m in radius. Use the uncertainty principle to estimate the min-
imum energy an electron can have in this atom.

Solution

Here we find that with Ax = 5.3 X 10" m.

/] -
Ap=2 — =00 X 107" ke - m/s
P 2Ax =

An electron whose momentum is of this order of magnitude behaves like a classical particle, and
its kinetic energy is

p _ (9.9 X 10" kg - m/s)°*

= - =54 x 107"
2m (2)(9.1 x 107" kg) ]

KE =

which is 3.4 eV. The kinetic energy of an electron in the lowest energy level of a hydrogen atom
is actually 13.6 eV. Dr. Anupam Roy
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Uncertainty Principle

O This principle, discovered by Werner Heisenberg in 1927, is one of the most significant of physical laws

Example 3.9

An “excited” atom gives up its excess energy by emitting a photon of characteristic frequency,
as described in Chap. 4. The average period that elapses between the excitation of an atom and
the time it radiates is 1.0 % 107" s. Find the inherent uncertainty in the frequency of the

photon.
Solution
The photon energy is uncertain by the amount

AE = B 1.054 X 10777 ] -k 3w 102
= . = = 3.3 X
2At 2(1.0 X 107" ) .

The corresponding uncertainty in the frequency of light is

AE .
Ay = — =8 X 10" Hz

] Dr. Anupam Roy 64
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Planck's theory of black-body radiation, Compton effect, Wave particle duality, De Broglie waves, Davisson and
Germer's experiment, Uncertainty principle, Brief idea of Wave Packet, Wave Function and its physical interpretation,

Schrodinger equation in one-dimension, free particle, particle in an infinite square well. [9]

Text book: T3: Arthur Beiser (AB), Concept of Modern Physics, 6th edition 2009, Tata McGraw- Hill

Reference book: R1: Fundamentals of Physics, Halliday, Walker and Resnick
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Wavefunction

d
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V4

Every object has an associated ‘wave’. This wave is described by a function called the ‘wavefunction’.

In water waves, the quantity that varies periodically is the height of the water surface.

In sound waves, it is pressure that varies.

In light waves, electric and magnetic fields vary.

Recall: de Broglie wave is associated with each particle.

What is it that varies in the case of matter waves?

The quantity whose variations make up matter waves is called the wavefunction, denoted as W.

Since all matter is made of constituent particles, every object has a corresponding “wavefunction” that is formed
due to the superposition of all the waves of its constituent particles.
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Every object has an associated ‘wave’. This wave is described by a function called the ‘wavefunction’.

Any object has a large number of constituent particles, each having its own wave. They superpose to give to the waveform of
the entire object. This wavefunction is denoted by W.

The value of the wavefunction associated with a moving body at the particular point x,y, z in space at the time t is related to
the likelihood of finding the body there at the time.

Consider one-dimension case: The particle can exist only in the region where W(x) is non-zero.

So, W(x) must be related to the probability of finding the particle in a certain region.

However, the wavefunction W itself has no direct physical significance. Why? \-}{*)
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Module 4 (Quantum Mechanics)
Wavefunction

d Every object has an associated ‘wave’. This wave is described by a function called the ‘wavefunction’.

L The wavefunction W itself has no direct physical significance. Why?

 The probability that something be in a certain place at a given time must lie between O (the object is definitely not there) and 1
(the object is definitely there). An intermediate probability, say 0.2, means that there is a 20% chance of finding the object.

O But the amplitude of a wave can be negative as well as positive, and a negative probability is meaningless. Hence W by itself
cannot be an observable quantity.

O This objection does not apply to |¥(x)|?, the square of the absolute value of the wavefunction, known as probability density.

Q |W(x)|? is known as probability density: The probability of experimentally finding the body described by the wave function
Y(x) at the point x at the time t is proportional to the value of |¥(x)|? there at t.

O A large value of |[W(x)|? means the strong possibility of the body’s presence, while a small value of |¥(x)|? means the slight
possibility of its presence. As long as |W(x)|? is not actually zero somewhere, there is a definite chance, however small, of

detecting it there. This interpretation was first made by Max Born in 1926.
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Every object has an associated ‘wave’. This wave is described by a function called the ‘wavefunction’.

|W(x)|? is known as probability density: The probability of experimentally finding the body described by the wave function
Y(x) at the point x at the time t is proportional to the value of |[¥(x)|? there at t.

The probability of finding the particle in the region (x,x + dx) is given by: P(x,x + dx) = P(x)dx = |¥(x)|?dx =
Y (x) W(x) dx (where W*(x) is the complex conjugate)

Since wavefunctions are in general complex [i.e., W(x) = A(x) + iB(x)], they are not physically measurable objects. (Note:
The probability, |¥(x)|? = W*(x) W(x) is always a positive real quantity, as required). How?

As wavefunctions are in general complex, we can write: W(x) = A(x) + iB(x) (where A and B are real functions)
So, the complex conjugate, W*(x) = A(x) — iB(x)
Hence, |[¥(x)|2 = W*(x)W(x) = A? — i?B? = A> + B? (sincei? =—-1) = W¥*(x) W(x) is always a positive real quantity.

Y(x) is not a measurable quantity, but P(x) = |W(x)|? is measurable. ¥(x), however, can be derived analytically by solving

the Schrodinger equation.
Dr. Anupam Roy 69



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Wavefunction

d Every object has an associated ‘wave’. This wave is described by a function called the ‘wavefunction’.

W) , Q Atx,, P(x,x; +dx) = P(x)dx = |¥P(x)|%dx

Ae‘

Q Atx,, P(x,x,+ dx) = P(x,)dx = |¥(x,)|*dx

1 __3“4--* O Since [W(x)|?dx > |W(x,)|?dx, the probability of finding the particle in the
' R ("“‘1 x® range (x4, x; + dx) is larger.
o

L Before we start the actual calculation of W(x), we can establish certain requirements it must always fulfill.

O Since |W(x)|? is proportional to the probability density P(x) of finding the body described by W(x), the integral of |¥(x)|?
over all space must be finite. The body is somewhere, after all.

Q I, f_oooolll’(x)l2 dx = 0 =>the particle does not exist, and the integral obviously cannot be oo and still mean anything.

(

Furthermore, |[#(x)|? cannot be negative or complex because of the way it is defined.

L The only possibility left is that the integral be a finite quantity if W(x) is to describe properly a real body. or Anupem oy 70
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Wavefunction

1 Normalization

O Since [W(x)|? is proportional to the probability density P(x) of finding the body described by W(x), the integral of |W(x)|?
over all space must be finite. The body is somewhere, after all.

d f_oooolll’(x)l2 dx # 0 and |¥(x)|? cannot be negative or complex because of the way it is defined.

L The only possibility left is that the integral be a finite quantity if W(x) is to describe properly a real body.

L The total probability of finding a particle in the range x € (—o0, ) must be 1 (i.e., 100%)

Q Y, Px,x+dx)=1 = f_ooooP(x)dx =1= ffoool‘P(x)Ide =1 (Thisisin case of 1-D)

‘V;‘k}'!v
Y _ Y
G&—Uxajaz,ﬂg‘&m'j'ﬁ ‘3 A . . ‘;-i)"{l c—-’l
;A /i
Ko%g""“a &3'1 l“’(‘:v:?’)\ =1 *e" i‘*j,

—0
Heow, (Y05 ) kedydy = Prab of fiading fle pobde
w o e hrenge € (x,g,}) end (:u-,;.m, '3-5}1, '5-]-13) )
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J Normalization
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Wavefunction

d Every object has an associated ‘wave’. This wave is described by a function called the ‘wavefunction’.

Q

Any object has a large number of constituent particles, each having its own wave. They superpose to give to the waveform of the entire object.
This wavefunction is denoted by W(x).

The particle can exist only in the region where W(x) is non-zero. So, ¥(x) must be related to the probability of finding the particle in a certain
region.

However, ¥(x) by itself cannot be an observable quantity. (Why? Because the amplitude of a wave can be negative as well as positive, and a
negative probability is meaningless.)

This objection does not apply to |¥(x)]|?, the square of the absolute value of the wavefunction, which is known as probability density: The
probability of experimentally finding the body described by the wave function W(x) at the point x at the time t is proportional to the value of
|¥P(x)|? there at t.

Since wavefunctions are in general complex [i.e., W(x) = A(x) + iB(x)], they are not physically measurable objects. (Note: The probability,
[W(x)[? =WP*(x) P(x)is always a positive real quantity, and is measurable). W(x), however, can be derived analytically by solving the
Schrodinger equation.
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Wavefunction

L Normalization

L Before we start the actual calculation of W(x), we can establish certain requirements it must always fulfill.

Q Since |W(x)|? is proportional to the probability density P(x) of finding the body described by W(x), the integral of |¥(x)|?
over all space must be finite. The body is somewhere, after all.

Q I, f_oooolllj(x)l2 dx = 0 =>the particle does not exist, and the integral obviously cannot be o and still mean anything.

O Furthermore, | (x)|? cannot be negative or complex because of the way it is defined.

O The only possibility left is that the integral be a finite quantity if W(x) is to describe properly a real body.

L The total probability of finding a particle in the range x € (—o0, ) must be 1 (i.e., 100%)

Q> . Plxx+dx)=1 = ffoooP(x)dx =1= ffooollll(x)lzdx =1

Q In3-D, ffffooo W(x,y,2)|?dxdydz =1
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Linearity and Superposition

Wavefunctions add, but not the Probabilities
Schrodinger’s equation is linear in the wave function W.

This means — the equation has terms that contain W and its derivatives, but no terms independent of W or that involve higher

powers of W or its derivatives.
Hence, a linear combination of solutions of Schrodinger’s equation for a given system is also itself a solution.

If, ¥, and W, are two wavefunctions that satisfy the equation (solutions of the equation), then ¥ = a;¥; + a,'¥, is also a
solution (a, and a, are constants).

This is nothing but the superposition principle. The wavefunctions ¥, and W, obey the superposition principle (just like other
waves do). So, the interference effects can occur for wavefunctions just as they can for light, sound, water, and EM waves.
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Wavefunction

O Linearity and Superposition
[ Wavefunctions add, but not the Probabilities

O The diffraction pattern arises from the superposition
of the wavefunctions W, and W, of the electrons that
have passed through slits 1and 2: ¥ =¥, + ¥s.

Q If slit 1 only is open, the intensity varies with the
corresponding probability density, P; = |¥,|? =
Yoy,

QO Similarly, forslit 2, P, = |¥,|? = ¥,* W,.

0 We might expect that opening both slits would give
an electron intensity variation described by P; + P,.

O However, this is not the case because in quantum
mechanics wave functions add, not probabilities.

Electrons
SN

— 5 .

o3

Slhit 2
e

Screen

s .
o o—r
o—s

= Slit 1

|‘+‘||3 |L|"3|2 |"["||3“‘|"P2|2 |qu+qu|2
(a) b (o @ (e)
Figure 5.2 (a) Arrangement of double-slit experiment. (b) The electron intensity at the screen with
only slit 1 open. (¢) The electron intensity at the screen with only slit 2 open. (d) The sum of the
intensities of (b) and (c). (¢) The actual intensity at the screen with slits 1 and 2 both open. The wave

functions ¥, and ¥, add to produce the intensity at the screen, not the probability densities |W,|*
and |V, |%.

O The probability density at the screen is therefore:

P=|¥|* =¥ + W] =]+ PV, +T,)
= VW, + VIV, + UiV, + ¥IP,

=P, + P, + ViV, + UiV,
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O Expectation Values

J How to extract information from a wave function

L Expectation value of the position of the single particle is

oo
J x|W|* dx
() = —= (5.18)
| e ax
—oo
If W is a normalized wave function, the denominator of Eq. (5.18) equals the prob-
ability that the particle exists somewhere between x = —o and x = o and therefore
has the value 1. In this case
EX]}IS(.‘I‘ch.iﬂll value <X) — JWJC xlq;‘l dx (519)
for position —oo
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Well-Behaved Wave Functions

We now know that the wavefunction () must be normalizable. Every acceptable wave function can be normalized
by multiplying it by an appropriate constant (we’ll see it later).

Besides being normalizable, ¥ must be continuous and single-valued, since the probability, P can have only one
value at a particular place and time.

oV oW - . ,
. be finite, continuous, and single-valued.

. . : . A
Momentum considerations require that the partial derivatives ox’ 3y’ 9
Only wavefunctions with all these properties can vyield physically meaningful results when used in calculations —
they are the “well-behaved” wavefunctions.

Note: These rules are not always obeyed in model situations where we approximate the actual ones. For instance,
wavefunctions of a particle in a box with infinitely hard walls do not have continuous derivatives at the walls (¥ =0
outside the box). But in the real world, walls are never infinitely hard. So, there is no sharp change in ¥ at the walls
and the derivatives are continuous.
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O Probability
O Solve it

O A particle limited to the x axis has the wavefunction ¥ = ax between x = 0 and x = 1; ¥ = 0 elsewhere. Find
the probability that the particle can be found between x = 0.45 and x = 0.55.

O Also find the expectation value < x > of the particle’s position.

Solution

(a) The probability is

|

50 i ) CO55 . . s 0.5 .
’ V| dx = a° ’ dx = [I'[_] = 0.0251a”
: lo.43

o 30

(b) The expectation value is

SO

; E 2 . k = | X 1 1
{:.r-:!'-.} — ’ ."'-r|1]'f|_ [11';.- =23 ’ ."'i."[l"'i.' = [I_[?] = |'._
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Module -4 : Quantum Mechanics

Planck's theory of black-body radiation, Compton effect, Wave particle duality, De Broglie waves, Davisson and
Germer's experiment, Uncertainty principle, Brief idea of Wave Packet, Wave Function and its physical interpretation,

Schrodinger equation in one-dimension, free particle, particle in an infinite square well. [9]

Text book: T3: Arthur Beiser (AB), Concept of Modern Physics, 6th edition 2009, Tata McGraw- Hill

Reference book: R1: Fundamentals of Physics, Halliday, Walker and Resnick
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Schrédinger Equation in one-dimension

Q Schrodinger Equation is a wave equation in the variable W.

0 Fundamental equation of quantum mechanics in the same sense that the second law of motion is the fundamental equation of
Newtonian mechanics.

O For a free particle (no external force), there is a constant momentum p and hence a constant energy E.

@ The wavefunction is of the form of a plane wave: W(x, t) = A e!(k¥x~®t)

0 Remember: E = hy = % (2mv) = hw

. . . h h h
L Using de Broglie hypothesis: p = Py Ek = hk
This equation describes the wave equivalent
Q Since, w and k are constants for W(x, t), so are E and p. of a free particle of total energy E and

Q Hence, W(x,t) = A e'*~®D) can be written as W(x, t) = A e!PX~E0/R momentum p moving in the +x direction.
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Schrédinger Equation in one-dimension

a

Q

Schrodinger Equation is a wave equation in the variable W.

The wavefunction for a free particle W(x,t) = A e!(PX—EO)/n

i(px—Et)

Now, apply the operator —iaa—x on W(x,t), we get: —ih%—i’ = —ih (i—:) Ae r» =p¥

Apply the operator i% on W(x,t), we get: ih%—f = E¥Y

Remember: —i% = p (suchthatp ¥ = p ¥). Momentum operator p whose eigen values are p.

0

Remember: ia = H (suchthat HW¥ = E ¥). Hamiltonian or energy operator H whose eigen values are E.

2
For a free particle, E = zp_m needs to be imposed.
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Module 4 (Quantum Mechanics)
Schrédinger Equation in one-dimension

O Schrodinger Equation is a wave equation in the variable W.

0 0

O Remember: —ia = p (momentum operator) and ia = H (Hamiltonian or energy operator)

2
O For a free particle, E = Zp—m needs to be imposed.

L 0¥ I A , 2W
d —lha—plP: (—lha) Y=p¥Y¥ =( —-h*-—=p

9x2

p? p? . . . OW 5 , 029
0 NowkE = pvlls EY = %LIJ =  Now replace the equations encircled: FW¥ = lhE and p“¥ = -—nh 2z
0 0¥  h* 0¥
l 9t  2m 0x2? & This is the Schrodinger Equation for a free particle in one-dimension
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Schrédinger Equation in one-dimension

d

d

Schrodinger Equation is a wave equation in the variable W.

., 0¥ h2 0%y
ih— = ———
ot 2m 0x?2

= This is the Schrédinger equation for a free particle. This is correct only for freely moving

particles.

However, we are most interested in situations where the motion of a particle is subject to various restrictions. What happens in
presence of a potential?

2 2
For a free particle, E = zp—m, but, in presence of a potential, we have, E = ;—m + V(x,t)

pZ
EY = (= + ¥

2 2
W =-2 vy
C & & & This is the general form of time-dependent
iR GWa(zc,t) _ Zh; az‘al’g,t) +V(x, W (x, 0) Schrodinger equation for any particle in one-dimension

2

A Y i -y .
Note: W and — must be continuous for — to exist.
0x 0x?2 Dr. Anupam Roy 84
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d

Q

Schrodinger Equation is a wave equation in the variable W.

.y : : . 0¥ h? 0%y
The Schrodinger equation for a free particle: lhE = =

2 2
For a free particle, E = zp_m’ but, in presence of a potential, we have, E = f—m + V(x,t)

General form of time-dependent Schrodinger equation for any particle in one-dimension

oW(xt) _ h% 0%2W(x,t)
ot  2m  0x2

ih

+ V(x, )WY (x,t)

Note: Schrédinger’s equation cannot be derived from other basic principles of physics; it is a basic principle in itself.

In three dimensions the time-dependent form of Schrédinger’s equation is

h? 0%W  0%¥W  0%¥
2m [axz oy?2 t 622] +V¥

., 0w
lhat—

Note: in 3D, particle’s potential energy V is some function of x, y, z, and t.
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Schrédinger Equation

d

d

O

U

C O 0O O

Schrodinger Equation is a wave equation in the variable W.

2
In presence of a potential, we have, E = f—m + V(x,t)

Time-dependent Schrodinger equation in one-dimension: A Y

In three dimensions the time-dependent form of Schrodinger’s equation is

h% 9%?W = 0%¥  0%¥
Y
2m [axz dy? T 822] +V

oW
ih— = —
ot

Note: in 3D, particle’s potential energy V' is some function of x, y, z, and t.

L 0Pt h% 0%W(x,t)

2m

0x?2

+V(x, t)¥(x,t)

Any restrictions that may be present on the particle’s motion will affect the potential energy function V.

Once V is known, Schrodinger’s equation may be solved for the wavefunction W of the particle, from which its

probability density |¥|? may be determined for a specified x, y, z, t.
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Schrédinger Equation in one-dimension

O Schrodinger Equation is a wave equation in the variable V.
O Any restrictions on the particle’s motion will affect the potential energy V. Once V is known, Schrédinger’s eqn. may be solved
for the wavefunction W of the particle, from which its probability density |[¥|? may be determined for a specified x, y, z, t.

2
U In presence of a potential, we have, E = zp_m + V(x,t)

_in ¥ _ _p2 W _ o
O Recall: Lhax—plp = —h 5z = PV and

O¥(xt) _  h* 9*W(xt)
ot  2m  0x2

O So, time dependent form of Schrédinger equation gives ih + V(x,t)¥(x,t) = E¥Y(x,t)

0°W(x, t)
dx?

L Rearrange: [E Vix,t)|¥(x,t) =0

O fV(x,t) =V(x), we get the time-independent form of Schrédinger equation in 1D:

azlP(x)
dx?2

d [E V()]¥(x) =0
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particle in an infinite square well. [9]

Text book: T3: Arthur Beiser (AB), Concept of Modern Physics, 6th edition 2009, Tata McGraw- Hill

Reference book: R1: Fundamentals of Physics, Halliday, Walker and Resnick



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Schroédinger Equation in one-dimension

[ Schrodinger Equation is a wave equation in the variable V.

O The wavefunction for a free particle W(x,t) = A e!®x~ED/h

;) ., O ., (ip) , UPX-ED
O Apply the momentum operator —i——on Y(x,t), we get: —lha = —ih — Ae » =pV¥
. 0 ., O
[ Apply the energy operator i—-on Y(x,t), we get: lha = EY¥Y
_ipd¥ _in 2y = 2 _p2 ¥ _ 2
a lhax—pq’ :(lhax) Y =p°Y = —h 322 p°¥
O inZ- gy
ot
pZ pZ pZ
O For a free particle, E = — needs to be imposed. So, E = — = E¥YPY=—VY
2m 2m 2m
., O h% 0°¥
dih—=—— & This is the Schrodinger Equation for a free particle in 1-D
ot 2Zm 6x2 Dr. Anupam Roy 89
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Schrédinger Equation in one-dimension

[ Schrodinger Equation is a wave equation in the variable V.

.y : : ., 0¥ h? 92y
O The Schrodinger equation for a free particle: lha ==

2 2
O For a free particle, E = zp_m’ but, in presence of a potential, we have, E = f—m + V(x,t)

RS
0x?

O Recall: —ii’”z(z)—:lcJ = p¥ = —h? =p?¥ and iihta(,,—liJ = EV¥Y

2 2
[ Time-dependent form of Schrodinger equation gives  ih awa(f’t) = — tha gjg't) + V(x, t)¥(x,t) = E¥Y(x,t)
2
 Rearrange: 0 ;pg’t) + Zh—r? [E —V(x,t)]¥P(x,t) =0

O fV(x,t) =V(x), we get the time-independent form of Schrédinger equation in 1D:

0%W¥(x) 2m _
d 2 T [E -V (x)]¥(x) =0
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Particle in an infinite square well

1 How boundary conditions and normalization determine wavefunctions °

A

1 Now we shall see the Schrodinger equation in certain situation: a particle trapped in a
box with infinitely hard walls. We'll focus on the one-dimension case.

Figure 3.9 A particle confined to

O Let’s consider that the particle’s motion is restricted to traveling along the x-axis a box of width L. The particle is

assumed to move back and forth

between x = 0 and x = L by infinitely hard walls. along a straight line between the

walls of the box.

L . V0 § DLx<L

V= \
/ - = \/= X stlonning
o Rager > s
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Particle in an infinite square well

d
d

J
J
d

How boundary conditions and normalization determine wavefunctions

Now we shall see the Schrédinger equation in certain situation: a particle in an infinite square well (1-D)

Consider that the particle’s motion is restricted between x = 0 and x = L by infinitely hard walls.
A particle does not lose energy when it collides with such walls, so that its total energy stays constant.

The potential energy IV of the particle is infinite on both sides of the box, while V' is a constant inside the box. It is

P L V0 § DLx<L
Because the particle cannot have /" \
i < N \/= X ottonwing
T%“

convenient to assume V' =0 in the box.

an infinite amount of energy, it on Reqer > / o

cannot exist outside the box, and so . / V=0 o ™

its wavefunction W =0 for x <0 >z O ( x=L b led

and x = L PQ\HJ&U‘ 7”‘»
= . 'l.miJ-'-
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Particle in an infinite square well

d

d

a

How boundary conditions and normalization determine wavefunctions

Schrédinger eqn. in certain situation: a particle trapped in a box with infinitely hard walls. We’ll focus on the 1-D case.

So we can define three regions — Region |, Region Il and Region IlI.

For an infinite hard wall, ¥ = 0 in regions Il & Ill. Probability of detecting the particle is zero in regions Il & Ill.

We consider the potential V' to be o : / N=0 § 0OLx<L

vV
constant in Region | (between x =0 / | _ J=“ \= o H onine
T%“

and x = L). Ton X Regqom > e

It is convenient to assume V =0 in

. _-_- x=L
Region . *=0 L P okde i .7%33
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Particle in an infinite square well

a
a

d

How boundary conditions and normalization determine wavefunctions

Schrédinger eqn. in certain situation: a particle trapped in a box with infinitely hard walls. We’ll focus on the 1-D case.

62‘P(x)
dx2

[E V(x)]¥(x) =0

Recall the time-independent form of Schrodinger equation in 1D:

We consider the potential V to be constant in Region I. It is convenient to assume V = 0 in Region |.

For Region II: ¥ = 0. * '
For Region lll: ¥ = 0.

For Region |: Schroédinger equation in 1D can be expressed as:

N x=L

0°W(o) | 2mE *=0 L o i pleeed

) = 0 in this region). Porhde o s
0 x 2 M
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Particle in an infinite square well
1 How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrédinger equation in certain situation: a particle in an infinite square well (1-D).

O For Region Il & III: ¥ = 0.

0%W(x) 2mE

d For Region I: Schrodinger equation in 1D can be expressed as: LP( ) =0 (V = 0inthis region).

0x?2

L 2 _ 2mE __ [2mE vz ® ‘ 'l /

eta” = B2’ K2 1 N o~

K Ragjen ©
O Schrodinger equation in 1D corresponding to Region | becomes: () / o T
. _ \J': o 2

d?¥(x) _ 7z O

d T2 +a’¥(x) =0 L PCJ\!"J'Q ”le
T

 Partial derivative now can be removed, because W is now a function of x only. . -
r. Anupam Roy



PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well
1 How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrédinger equation in certain situation: a particle in an infinite square well (1-D).

d?¥(x)
dx?

a +a?¥(x) =0

[ This represents the simple harmonic motion. It has the solution of the form:

d W(x) =ASin(ax) + B Cos(ax) in Region |.

d A and B are constants to be evaluated. How? /g \ | s
\J -
%?f/

. Regpor >
O To evaluate 4 and B, we use the boundary condition. ) L /3; 0
. V=0 )
O At the boundaries, ¥(x) =0 atx =0 xz0 Q:L Cblged
: 5
atx =L ?‘-"!_:fhlm s N
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well

O How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrodinger equation in certain situation: a particle in an infinite square well (1-D).

2
d dd‘fch) + a’¥(x) =0 =>thisrepresents simple harmonic motion, the solution is of the form:
d Y(x) =ASin(ax) + B Cos(ax) G ® f : /
- ® |
L
. _ J=
 To evaluate the constants A and B, we use the boundary condition. M Regon © /—
O At the boundaries, ¥(x) =0 atx =0 . V=0 o
atx =L >0 x>l . 4
g Pertide. o P
O P(x)=0atx=0gves0=4A%X0+Bx1 = B=0 ke

O WY(x)=0 atx=Lgives0 =A4Sin(al) = alL=nm = az%
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well

O How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrodinger equation in certain situation: a particle in an infinite square well (1-D).

d?W(x)
dx?

O W(x) =ASin(ax) + B Cos(ax)

Q

+ a’W(x) =0 =>this represents simple harmonic motion, the solution is of the form:

/‘; |
_ L
15t boundary condition [#(x) = 0 atx = 0] givesB =0 J/ Regie & \J/‘
nm ) / o~

O 2rdboundary condition [¥(x) = 0 atx = L] givesa = - : | V=0 o .

*: 0 Q* e d

UQL A P
O Hence, Y(x) = A Sin(ax) = A Sin(%) Pd\!-:m,;oh ) el
2mE 2mE nm 2 n?m?h? . .

d Now, a = 2 = (T) =>| B == = Discretized Energy
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well
1 How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrodinger equation in certain situation: a particle in an infinite square well (1-D).

d>y o _ _
- dxgx) + a’*¥(x) =0 =>the solution is of the form: W(x) = A Sin(ax) = A Sin (?)
n?m?h? . L ,
QE = - = Discretized Energy v From this relation, it is clear that the energy of the particle
2mL

can have only certain values, which are the eigenvalues.

v Each permitted energy is called an energy level, and the
d Remember,n = 1,2,3,... integer n that specifies an energy level E,, is called its

guantum number.

7.L.ZhZ
dE, =
L 2ami2
22352 232
nem“h mT“h
A2 H2 dE = = n? ( ) = Hence, E, = n°E,
QE,= and so on.... " 2mlL? 2mL?

2
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well

1 How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrédinger equation in certain situation: a particle in an infinite square well (1-D).

OF — n2m? h? — 2 (nzhz
2mlL>?

) = Hence,E, = n“E,
n 2mlL2

v' Unlike a free particle, a particle trapped in a box cannot have an arbitrary energy. It can have only certain specific

energies and no others.

v' These energies depends on the mass of the particle and on the details of how it is trapped.

v' Sincen = 1,2,3, ..., particle trapped in a box cannot have zero energy!
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well
1 How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrédinger equation in certain situation: a particle in an infinite square well (1-D).

d?W(x)
dx?

nmx

+ a®*¥(x) =0 =>the solution is of the form: ¥(x) = A Sin(ax) = A Sin (T)

Q

L Now, we need to determine the value of constant A. For this we use the normalization method.

L Recall: probability P dx = |W(x)|?dx, probability of finding the particle between x and x + dx

Q7 w@kdx=1 = [ _JW®Pdx +| [[[WE)[Pdx |+ [T1®E)|2dx =1
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well
1 How boundary conditions and normalization determine wavefunctions

O Now we shall see the Schrédinger equation in certain situation: a particle in an infinite square well (1-D).

O Y(x) =A4Sin(ax) = A Sin (mx)
O [T w@lkde=1 = [¥@Pdx=1 = A2[Sin?("5)dx=1

O Use the trigonometric identity Sin%0 = %(1 — Cos20)

A AszL Sin? (mx)dx—l = A?Z[fOde — fOLCo (Znnx) dx ]—1 =%

1 Solving the above, we find that A = \/%

Q Hence, W(x) = A Sin (") = |2 sin (*=)




PH24101: Physics (B.Tech. I)
Module 4 (Quantum Mechanics)

Particle in an infinite square well

1 How boundary conditions and normalization determine wavefunctions

O Schrédinger equation in certain situation: a particle in an infinite square well (1-D).

Particle in a hox

______

O Discretization or Quantization of Energy Levels
O Non-zero zero-point energy (Ground State) [E, = n“E,]

O Nodes: points (other than two end points) at which the
wavefunction vanishes — ZERO probability to find a

particle.

O Difference  between adjacent Energy Levels:

AE=E_,,—E, = (2n+1)E,.

VAVAVAN Imh®
s n=3 WP Es = omi?
v n=2 Wk by =12

/\ /\ T2hH2
¥ n = AL E, =

2mlL>2
x=0 x=L x=0 =L

Wave functions and probability densities of a particle

confined to a box with rigid walls. Dr. Anupam Roy 103
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Module 4 (Quantum Mechanics)

Particle in an infinite square well

O How boundary conditions and normalization determine wavefunctions

Example

3.4

An electron is in a box 0.10 nm across, which is the order of magnitude of atomic dimensions.
Find its permitted energies.

Solution

Here m = 9.1 X

energies are

10

“kgand L = 0.10nm = 1.0 X 10" ' m, so that the permitted electron

(n*)(6.63 X 1077 ]-5)?
(8)(9.1 x 107" kg)(1.0 X 10" m)*
38n® eV

= 6.0 X 107 '%n? ]

The minimum energy the electron can have is 38 eV, corresponding to n = 1. The sequence of
energy levels continues with E; = 152 eV, E; = 342 eV, E; = 608 eV, and so on (Fig. 3.11). If
such a box existed, the quantization of a trapped electron’s energy would be a prominent feature
of the system. (And indeed energy quantization is prominent in the case of an atomic electron.)

Energy, eV

electron
0.1 nm wide.

- —-

Figure 3.11 Energy levels of an
confined to a box
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PH24101: Physics (B.Tech. I)

Module 4 (Quantum Mechanics)
Particle in an infinite square well

O How boundary conditions and normalization determine wavefunctions

Example 3.5

A 10-g marble is in a box 10 cm across. Find its permitted energies.
Solution

Withm=10g=10xX10*kgand L=10cm=1.0 X 107" m,

(n)(6.63 X 1077 ]-5)°
(8)(1.0 X 107% kg)(1.0 x 107" m)*

=55 % 107"*]

E, =

Dr. Anupam Roy 105



PH24101: Physics (B.Tech. I)
Module 4

Module -4 : Quantum Mechanics

Planck's theory of black-body radiation, Compton effect, Wave particle duality, De Broglie waves, Davisson and
Germer's experiment, Uncertainty principle, Brief idea of Wave Packet, Wave Function and its physical interpretation,

Schrodinger equation in one-dimension, free particle, particle in an infinite square well. [9]

Text book: T3: Arthur Beiser (AB), Concept of Modern Physics, 6th edition 2009, Tata McGraw- Hill

Reference book: R1: Fundamentals of Physics, Halliday, Walker and Resnick
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