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: ELEE INTRODUCTION :

especially in the study of periodic phenomenae* in conduction of heat,
function in a series of sines and cosines. Most of the

e expressed in the form.

of

In many engineering problems,
- electro-dynamics and acoustics, it is necessary to express a
single-valued functions which occur in applied mathematics can b

1
2a0T+alcosx+azcoszx+ ...... T
+blsinx+b2sin2x+ ......

within a desired range of values of the variable. Such a series is

I8 EULER'S FORMULAE

The Fourier series for the function f(x) in the interval o< x < o + 21 is given by

known as the Fourier series®.

n=1

f(x)=92£+z a, cosnx+z b, sin nx
-1

2
ao=%'[:+ g f(x) dx
2
a, :%J;H f f(x)cos nxdx ¢

1 [o+2n k
==
’ nL f(x) sin nx dx

n

ag @, b, are known as Euler’s formulae**.

rvals of abscissa x, the value of each ordinate f (x) repeats
wction having period @, e.g., sin x, cos x are period

%




; i a4+ 2n
'=§~I¢ {oos(m+u)x+cos(m-—n)xldx

. : 2
= LisinGn+n)x  sin(m-n)x [**2"
m+n m-n o

a+2n N +2n
I mauxdx= iq.M =7
a 2 i

o+ 2n J :
¢ - + n)x
I aa i R G n)x+cos(m n) =4
a 2 m-n m+n
o ®n =6 o+ 2
. ; sdisin
I sin nx cos nx dx = | 0% =0
2n
o
o+ 21 - 5 10+ 21
5 . D (m —n)x  sin (m + n)x ?
I sin mx sin nx dx = 1| SBU7 — n)x sl e =)
o 2 m-n m+n .
o+ 21 - o+ 21
i sin 2,
8. I En e | X D02 =5
= 2 4n ko

Proof. Let f (x) be represented in the interval (o, o + 27) by the Fourier series :
; e . o :
fG)= 7+Zl a, cosnx+z b, sin nx
=

=1l
»» W€ assume that the series (i) can be integrated term by term from =0

B

i)

To find the coefficients ag,a,,b
X =0+ 2m
7o find a,, integrate both sides of (@) from x = o to x =

o+27 o+2n avon [ = a+2n =
Ia 2f(x)dx=%aoja ; dx+J- : LZ ancosnx]dx+'[‘ . {’; b,lsinnx}dx

o
n=1

o + 21. Then

= %ao(a +2—0)+0+0 = a,n [By integrals (1) and (2) above]

o+2
ao-—-;l;L nf(x)dx.

find a , multiply each side of (i) by cos nx and integrate from x = o tox = o + 2. Then
a+2n avon [ = \ i ;
cosnxdx+[, Lz a, cos nxJ’ cos nx dx

o o

i

n=1

: I:’zz f(x) cos nx dx = —;—ao j

!

Aa+2n("‘“
+§ T

Ay




rot+2
|

|
Jo

f (x) cos nx dx

(I) take the form :

21 5 #
~ f(x)sin nx dx

75 the iniérual. becomes — 1t < x < 7 and the formulae
1w
ag = — J‘ f(x) dx
- TJ -7

Lin s ;
=_-J. f(x) cos nx dx
mJ - n

1 n
= ——J‘ f(x)sin nx dx
TJ —n

Obtqin the Fourier series for f(x) = e in the interval 0 < x < 2. i
(Calicut, 2013 ; C.S.V.T.

i - o .
ot — ?°+ Z a, cos nx + Z b, sin nx
n=1 n=1

_1 21 ——l 21

ao_n.[o f(x)dx_n.l.o
Ll p o P2 o
an=;J0 &) cosnxdx:;.l.o e
i

= (n? +1)

li ok it

—L T JZ’%_

2n

e 4 21
le (—cosnx+nsmnx)|0 =




of arscc z any one peri
finite number of maxima and minima.

ma  (Anna,
any function / (x) as a Fourier series depends upon the evaluation c
1p ke

;I f(x) cos nx dx ; 'J [(x) sin nx dx

(0, 2m), (— 7, ) or (o, & + 2n) according as £ (x) is defined for every value of x in (0, 21), (= 1, ) or (ct, 0. + 2
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reasons whether the following functions can be expanded in Fourier series in the:interval — n < x < 7.
fehsbey . 2. sin 1/ : (P.T.U., 2002)
1/(3 - ¢) in the interval 0 < ¢ < 2. (Delhi, 2012)

FUNCTIONS HAVING POINTS OF DISCONTINUITY

In deriving the Euler’s formulae for ag, a,, b,, it was assumed that f (x) was
ontinuous. Instead a function may have a finite number of points of finite discontinu-
*i'?ia, its graph may consist of a finite number of different curves given by different
' :quations. Even then such a function is expressible as a Fourier series. i

For instance, if in the interval (o, o + 27), f (x) is defined by
f@=0&),a<x<c.

=y(x), c <x <0+ 27, L.e., c is the point of discontinuity, then 0

1 c i +21 Fig. 10.1 e {
ao=—[j owdx+ [ \u(x)dx] ‘o
o o C/

£

o

i c a+21 -
o= —[I &(x) cos nx dx + I y(x) cos nx dx:]
b/ e

o+2
c

o= lHc@(x)sinmcclir.f "\y(x)sinnxdx]
9 o

At a point of finite discontinuity x = ¢, there is a finite jump in the graph of function (Fig. 10.1). Both the
the left [i.e., f (c — 0)] and the limit on the right [i.e., f (c + 0)] exist and are different. At such a point,
ies gives the value of f (x) as the arithmetic mean of these two limits,

: 1
G §V(c—0)+f(c+0)].

10.5. Find the Fourier series expansion for f (x), if
f&)=—m,~n<x<0

x,0<x <, (V.T.U., 2013 ; Bhopal,
(Calicut, 2013 ; Ko



LT B B

“o (»_u)cosizkdx+f“xcosnxdx]
i 0
n

: 0 .

Sin COS nx

sin nx N X nx o I
n n n

0

3= I~ 3

1
n2

-9 2 = 2
a1=———l12,a2=0,a3=—n‘32,a4=0,a5— —n'52

]:-—li(cosnn-d)
nn

il
|
-]

S
+
3,
o
&
3
|
|

0
b"= %U-" (-—n)sinnxdxﬂ“:xsinnxdxj

COS nx i sin nx

Pl = g
I n 712 0

1/7t(‘,osnxo &

=i= % E
= ~[E(1 = 5653 7250) = 2 o nn]: l(1 ~ 2 cos nr)
n n

1 ; i
b1-:3,b2=—§, bs=1,b4=—z, ete.
Hence substituting the values of o’s and b’s in (i), we get
cos23x - cos25x o J ol singy L 3 sin 3x _ Sin4x
3 5 2 :3 4

f(x)=A—Zn~2(cos,x+ i
T

which 1s the required result,
Putting x = 0 i (i), we obtain f£(0) =
Now £ (x) is discontinuous atx =0. As g matter of fact
FO-0=—nandfo,0-q . £0) = % FO-0+£0+0)=_ s,

Wl :
= 17 + 37 + 57 +...| whence follows the result,

e 10.6. Iff(x)z-{ % -mszso

sin x, O:S’xSw Sre ‘atf(x,) 2 +

T
= 0 E9 Z( T—2) (Bhopal, 2008 ; M

q, = %2
0 g
= *2 + E @, COS ny + E b, sin nax
n=1

n=1

LT Y




ion £ (x) g.iv}en by
21— x for m < x < 2.

forO<x<n
forn<x < 2n
, 1S the maximum current and the period is 2n
2). Express i as a Fourier series and evaluate

(V.T.U., 2007 ; Cali
raw the graph of the function £(x) = 0, - 1 < x < 0 :
e =x%,0<x<m.
7+ x) = f(x), obtain Fourier series of f ().
'ind the Fourier series of the following function :
) ==2 0<x<m,
== om=neO)

5. Find the Fourier series for the function Alx) in the interval (— T

T — x,

7, ©) where flx) = {

~ 6. Find a Fourier series for the function defined by
. —Lfor—-mn<x<0
f@®=< 0,forx=0
LforO<x<ng
1kl
Hence prove that 1—§+g—71+...m=

: z=(oc+2c)n/c=B+2n.
lon /() of period 2¢ in (o, o+ 2¢)is transforme
e f (cz/n) can be expressed as the Fourj
gy : -
~2-+Z a, cosnz»i-z b, sin nz
. : n=1 n=1 S




f( ) Cos mtx LT o

L —j " fGa) sin 22 d
mﬂ 0 in (4), we get the results for the interval (0, 2¢) and putting o = —¢ in (4), we get resul 5 fo

8. Ebtpanﬁ f) = e"“ as a,Fourzer series in the mterval (a l l)
(Rohtak 2010 S;

Solution. The required series is of the form . :

+z a, cos———+ Z b, sin % . A1)

n=1

; sl o i sl ) _2sinhl
Then - a, l.‘- dx = ll_e _l——l—( e iz
%J‘ e cos—l—dx J.e“x cosb'xdx:;;:b—z(acosbx+bsin bx)
1 ; S :
it i (_ cos PTE 4 M iy @) 21( 1" sinhl ey
L1+ (am/D)” vt st 2+ (nm)”
: e — 2] sinh [ 2lsmhl e 21 sinh [ 5
o 1F T e e G R
b'lfl ~sinf7Ed o+ [ & sin bu dx =% (@ sin bx — b cos bx)
n_l _le S1n l a5 5 J‘e Sin 0X —a2+b2 a@:SINTOX == COS OX
; !
1 o . X NnT nmx 2n1t(— 1)" sinh /
=l 2 — Sin 7 ——l—COST
L1+ (n/l) G
o — 2nsinhl Ll 47 sinh! _—61t sinh/ e
LT TR TR

e values of @’s and b’s in (i), we get




=%f eh %) cos M1 g —jo (2x-x’)cosgi‘3£’£dx
) sm 2nmx/3 = €0s 2nmx/3 —sin 2n1rx/3:l :
e =2 - 22) SSRGS | 5= sin 2nx/3
3[ e TR @nmz? T2 @nm3)® |
5P

)
73 2 5512 -6)cos 2nn - 2] = nznz

i
3
b, ~%f (2x = x)smNdx —fo (2x—x2)sin—2—’gix~dx

3
= cos 2nmwx/3 = sin 2n7mx/3 cos 2nmx/3
T Znw3 - (2-2m) TRAATUS ) cos 2nm/3
[(Zx s ey Crlor

3 nm
Substituting the values of ao, a,, b, in (i), we get
2_ 2neg vl s T
2x —x2="_ Z = 5 COS i Z 7 Sin
n=1 n=1
Putting x = 3/2, we get

s B Lo, COSZTLTE—Z\(COSZTLTC 10 = 2
oy 473

el

Besiy o L G

- P P e
Example 10.10, Obtain Fourier series for the functwn

S _ W o
f() {n(Z x) e ios * (Rohtak, 20123":_“/.7’.@?.,:.291:1;BhOpal,2

e T
Deduethat~+_+ ol — LM
: T e 8

Solution. The required series is of the form

aQ & < :
f&) = ?°+ E @, cos nmx + E b, sin nmy
n=1 n=1

1 2 21. oll|2 ol )
I S n(%)+n{(4—2)-(2-%J} =n

0

1 2
= fo X COS nnxdx+f (2 - x) cos nedy
1
sin nmx cos nmuy | |
sin nmx )
e ——= o i +n(2—x)\—(—7t)
nm nm nw

Cos ny J ( oS 2nm  cos pm) 2
TR ey @y




o = nmt . nut
2 +Zl a, cos oy Z; b, sin P
i n=1 n=

nmt 1 nut
LA+ D) cos 22 dz+fo (- ) cos ™ gy

15l ( mtt) 9
=i DI B el
2{( + t)| sin B (1)( cos 2),127;2

!

nm

5 t P
+ (l—t)(sm Tn) l_.(_ 1 (_ e nTMJ 2:1

e 1
Q”)-‘SIHT‘#J' fo -t sinnT”tdt

@)

2¢c =2 — (- 2) so thate = 2]

0 1
1 ¢ 2
=l U b
ol | s l+t 2

[Integrate by parts]

~n1t2°
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. A A'niw".
 the Fourier series for f(x) = (——;—-—) in0<x<2 7
he Fourier series to represent 2 in the interval (0, a).
- (@) Find a Fourier series for Ait) = 1 —¢2 when - 1<t <1,
8. Iff(x) = 20 -x2in0<x<2, show that £ (x) = Lo Z —f—z CO8 nx .
. 842y
3 4 { Wi ih 0Sxi< 3
Lo e
5. A sinusoidal voltage E sin ot is passed through a half-wave rectifier which clips- e
Develop the resulting periodic function : o e
o COEIE T Cvhen-Th <t<0
=FE sin of when 0 < ¢ <772,
T = 2n/w, in a Fourier series. e
e Ukl

»

and

0, x=1

6. Find the Fourier series of the funptfon )= - 3
- s k" (2 = Al = on <2

Hence show that : '—%+.f.

TS (1) Even anp opp FUNCTIONS
A function f (x) is said to be even if f (~.x) = f(x),

€8, Cos x, sec x, x2 are all even functions. Graphically an even function is s

A function f (x) is said to be odd UrEx)=—f(x),

Bven function Odd function

tan x, x3 are odd functions, Graphically, an odd function is Symmetrical about the origﬁi
Il be using the following Property of definite integrals in the next paragraph : |

 f)dx = 2 f oc £x)dx, when f(x) is an even function.

=0, when f(x) is an odd function,
ven or odd periodic functions, We know tha
e Fourier series e Gl g




B

nnx . el Lh :
is an even function.

ction, therefore, £ (x) sin

% S L

e A= 2 [ ) sin 2 gy
T c Froiee cJo 1@ v
- function f (x) is odd, its Fourier expansion contains only sine terms and _
& cdo f(x)s @




=—1/9,b, = 1/3, b, = - V4, ete.

isx/2 = aﬁ‘xu-;—sinix-q-%sin 3x-—%sin dx + ...

s ofy = 2 sin x, y = 2(sin & - L sin 2x) and

2x +§ sin 8x) are shown in Fig. 10.4, by the

3 respectively. These illustrate the manner in

' approximations to the series (i) approach

' -all values of x < m, but

presents the discontinu-
shown in Fig. 10.5. It

: E_!ml,_iple 10.13. Find o Fourier series_to’vfirep‘rgeasén;t xZ in th,

Solution. Since f®) =2x2is an even function in (— ¢, /),

; nix ‘
L l

2 nmx
a = X7 Ccos —Z gy
n 0 A

[See footnote p- 398]
: !
2 2(sm mrx/lj f cosnux/l) [ sin nma/])
B | oy oS S e G
T ) A

=412 (- 1)Yn2y2 I+ cos np= (= 1)n
e - @y =—41%n2 a, = 41%/2252. @3 =~ 41322 @y = 41%4272 ot :
Substituting thegse values in (i), we get

o e _ 412 (cos /) cos 21/l
T e el Rl R
3 2 92

Cos 3mx/l  cog 41/l
i 12 3\2 = 4\2 i J
required Fourjer series,

10140 fi) = | cos |, #Pand &) as a Fourier serjes i the interval (-

f=2)=|cos (-

’f(?)= 329‘ +Za, cos ny

%)= | cos x = (), | cos x | is an even function,

n
leosx|dz=2 ("2
Jeoa a2 [



EGS xé@s nx dx + I:m (= cos x) ¢o8 nx’dx]

{ tcos (n + Dz + cos (n = Dx) dx ~ J‘ fcos (n + 1)% + cos'(n = 1%}

3= ﬁfr—ﬂ A

sin (n+Dx _ sin (n =Dz ['2 sin (n+1x  sinnoDr
‘ n+1 n-1 o n+1 n-1 o

sm (n+ 12 sin (n - D/2 sin (n + 1)1(/2 sin (n - /2
+ = +
n+1 n-1 n+1 n-1

cos n/2  cos n/2) - 4 cos n/2 e
n+1 n-1 ) pm?-1)

3| ?Hr—n

v

5 n/2
In particular a, = [J. cos? x dx — J' cos xdx}=0

0

N 9N

Hence |cosx|= ;+—;§{%cos 2x—%ccs 4x+...}ﬂ

f(x) 1+2x/n, »b’—1t<x<0 . -
: 0<x<nf e ke S

 Rurukshetra, 2013 ; V..U, 2010 ; Muinbai, 2007)

: 2x : . Y
Solution. Since .  f(-x)=1-— in(-%0)=f®in 0, )

9
il A 7’5 T () = e (7, )

. f(x)is an even function in (— 7, 7). This is also clear from its graph
A’BA (Fig. 10.6) which is symmetrical about the y-axis. : ;

fl)= 229+ Z a, €os nx
n=1

2 (7 9 ¢
‘;Io f(x)cosnxdx—;jo (1-




ction as is clear from f
to expand £ (x) as a sine series in 0 <
at fx)=—f(-x). : Aok
nction is odd in (- ¢, ¢) and the expansion will give the des

: (9:): Z b, sin _?%x_
n=1

L in R
b"‘cs{o f(x) sin - dx

e Cosine series. If it be required to express f (x) as a cosine series in 0 < x <c, we extend the functio:
eflecting it in the y-axis, so that fl=x)=fx).

Then the extended function is even in (-

¢, ¢) and its expansion will give the required Fourier cosine series :

c \ & :

f(x)=%'1+ Zan cos 2%
N n=1

2 ' 2
gl

2'nc nmux
a,,_zjof(x)cosde

" Example 10.16. Express fix) = x as-a haif-’rar’i_ge'sii-‘ze series

‘Solution. The graph of £ (x) = x in:0 < x < 2 is the line OA' Let us ) v 1A
extend the function f(x) in the interval — 2 < x < 0 (shown by the line BO) )
- 50 that the new function is Symmetrical about the origin and, therefore,
- represents an odd function in (— 2, 2) (Fig. 10.8) -

Hence the Fourier series for f (x) over the full period (- 2, 2) will
contain only sine terms given by

o= s, sin 27%
n=1

vy
2 2
=2 @ sin B g = [ * 1 sin I g
2Jo 2 0 2 Fig. 10.8
2 n
= _2{@5!‘&4._4 Sinm :..ﬂ
nm 28 n2 b nm

b1 =4/n, b, = 4/2n, b, = 4/3m, b, = - 4/4x ete.
! Fonrier sine series for f (x) over the half-range (0, 2) is

4 si %—%’singzr—x— Yoin S 1 4_nx+)

2 s fx) = x as a half range cosine seri




